Abstract We prove the non-existence of elliptic curves having good reduction everywhere over some real quadratic fields.
Introduction
Throughout this paper, let K m be the real quadratic field Q( √ m) where m is a square-free positive integer with m ≤ 100 and O Km the ring of integers of K m . We already know the following results concerning elliptic curves with everywhere good reduction over real quadratic fields ( [2] , [4] , [5] , [6] , [7] , [8] , [12] , [13] , [14] , [18] , [25] 3. There are elliptic curves with everywhere good reduction over K m if m = 26, 79 and 86 (cf. [4] , [16] and Cremona's table [3] ).
In this paper, we prove the non-existence of elliptic curves with everywhere good reduction over three real quadratic fields not appearing in Theorem 1.1. Here is the main theorem: Remark 1.4. In some cases (e.g. m = 77, cf. [8] ), we can prove that there exists an elliptic curve with everywhere good reduction over K m having cubic discriminant.
Our strategy for the proof is close to that of T. Kagawa [8] . However, we use different kinds of computer softwares and computational techniques. In [8] , all computations were carried out by using KASH [11] and SIMATH [21] . Unfortunately, development of SIMATH had already stopped and some fatal bugs (Tate's algorithm over number fields, for example) remain even now. Thus we switched environment of computation completely and started from a check experiment of Kagawa's results by using Magma [15] , Pari-GP [17] and Sage [19] .
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Setup
In this section, we introduce the strategy to prove our results. Henceforth, we assume that the class number of K m is 1 and every elliptic curve E with everywhere good reduction over K m has no K m -rational point of order 2 because Comalada [1] determines all admissible curves (= elliptic curves having good reduction everywhere and a K m -rational point of order 2) defined over K m with m ≤ 100 and such curves do not exist over K m which we consider in this paper. First we use the following result: Proposition 2.1 (Setzer [20] ). Let E be an elliptic curve over K m . If the class number of K m is prime to 6 then E has a global minimal model. Let E be an elliptic curve with everywhere good reduction over K m . By Proposition 2.1, E has a global minimal model
with coefficients a i ∈ O Km (i = 1, 2, 3, 4, 6). The discriminant of E (denoted by ∆(E)) is
1728 where c 4 , c 6 ∈ O Km are, as in [24] (Chapter III, p.42), written as polynomials in the a i 's with integer coefficients. Moreover, the following conditions are equivalent (cf. [24] , Chapter VII, Prop. 5.1):
• E has everywhere good reduction over K m ,
In our case, all elements of O × Km are written in the form ±ε n where ε is a fundamental unit of K m (let us fix ε for each m). Thus to determine the elliptic curves with everywhere good reduction over K m , we shall compute the sets
However, the set of coefficients (a 1 , a 2 , a 3 , a 4 , a 6 ) ∈ O
⊕5
Km , which gives rise to (c 4 , c 6 ) ∈ O ⊕2 Km , does not necessarily exist. Therefore, we check whether the curve
which is isomorphic to E over K m , has trivial conductor for each (c 4 ,
Actually, it is very hard to compute all E ± n (O Km ) because of the limitation of efficiency of equipments. To reduce the amount of computation, we show that some values of n are irrelevant by using Kagawa's results. In [8] , Kagawa shows a criterion whether the discriminant of an elliptic curve with everywhere good reduction over K m is a cube in K m : 
Using the criterion, Kagawa shows the following: Therefore, we have ∆(E) = ±ε 3n for some n ∈ Z. By applying the next lemma, we can further discard some cases:
. Let E be an elliptic curve defined over K m . If E has good reduction outside 2 and has no K m -rational point of order 2, then
) is a cyclic cubic extension unramified outside 2. In particular, the ray class number of K m ( ∆(E)) modulo p|2 p is a multiple of 3.
. Thus we compute the ray class number of K m modulo p|2 p. The following computations are carried out by using Pari/GP [17] (Same type results were obtained in [9] by using KASH [11] ). The bold-faced numbers in this table are the ones divisible by 3. 3 Results of the computation
Computing Mordell-Weil groups and integral points
To compute E ± n (O Km ), we first compute the Mordell-Weil group E ± n (K m ). It is decomposed into a direct-sum of E ± n (K m ) tors (torsion part) and E ± n (K m ) free (free part, which is not canonical). The torsion part can be determined by observing reduction at good primes and decomposition of division polynomials. On the other hand, the free part can be computed by applying two-descent and infinite descent (the process of decompression from E 
is a generator of the free-part. 
and a basis is {T 59A , P 59A } where T 59A = (−12, 0) is 2-torsion and
is a generator of the free-part.
and a basis is {T 59B , P 59B , P 59C } where T 59B = (12ε, 0) (ε = −530 + 69 √ 59) is 2-torsion and Here we used Denis Simon's two-descent program (cf. [22] ) on Pari-GP [17] . To compute some related data efficiently, we executed the Pari-GP program on Sage [19] as a built-in software.
Warning: Simon's two-descent program is also available as a Sage's built-in function that does not require the Pari-GP platform. However, this function has fatal bugs (errors) that come from the same bugs in the previous edition of Simon's original (Pari-GP) program. For the Pari-GP platform, this problem has already been fixed by himself completely, but it is not yet for the Sage platform.
To compute the subset E ± n (O Km ) of integral points in E ± n (K m ), we use the method of elliptic logarithm to compute the linear form:
where P i 's and T are generators of the free part and the torsion part. Moreover, the maximum of the absolute values of the coefficients of the linear form M := max {|m 1 |, ..., |m r |, |n|} can be bounded using the LLL-algorithm (by Lenstra-Lenstra-Lovász, cf. [23] ).
Proposition 3.2. The set of integral points E ± n (O Km ) is as follows:
Finally, we compute that the elliptic curve (1) has trivial conductor. As a result, there are no pairs (c 4 , c 6 ) ∈ E ± n (O Km ) for which (1) has trivial conductor. Therefore, the non-existence of the curves follows.
In the same way, we can prove Theorem 1.3. For m = 62, 67 and 71, by the assumption of cubic discriminants, it is enough to determine E ± 3n (O Km ) (n ∈ Z). To apply Lemma 2.4, we compute the ray class number of K m modulo p|2 p. 
(double sign in the same order )
Moreover, there are no pairs (c 4 , c 6 ) ∈ E ± n (O Km ) for which the elliptic curve (1) has trivial conductor.
Trial of computation
In this subsection, we show examples of computation times of running Simon's two-descent program to compute Mordell-Weil groups. Simon's two-descent is mainly controlled by four parameters:
• lim1: limit on trivial points on binary quartic forms ("quartics" for short),
• lim3: limit on points on ELS (everywhere locally solvable) quartics,
• limtriv: limit on trivial points on elliptic curve,
• limbigprime: distinguish between small and large prime numbers to use probabilistic tests for large primes, and there are some supplemental parameters (maxprob,bigint,nbideaux, etc.). Now we fix the set of main parameters (lim1,lim3,limtriv,limbigprime)= (40, 60, 40, 30) that were chosen to compute the case m = 43. The total running times of these computations are as follows: Table 3 . Rank of E ± n (K m ) with computation time (Intel Core TM i5 processor (3.30GHz, dual core) and 4.0GB memory)
As above, our trials failed for two cases due to the difficulty in searching for points on these curves E ± n . Thus we need to change these parameters to get our results. As a result, we succeed in computing the case E 
